Heat transfer in a straight fin with a step change in thickness and variable thermal conductivity which is losing heat by convection to its surroundings is developed via differential transformation method, and variational iteration method. In this study, we compare differential transformation method and variational iteration method results, with those of homotopy perturbation method and an accurate numerical solution to verify the accuracy of the proposed methods. As an important result, it is depicted that the differential transformation method results are more accurate in comparison with those obtained by variational iteration method and homotopy perturbation method. After these verifications the effects of parameters such as thickness ratio
Introduction
Extended surfaces are used to augment the rate of heat transfer from the primary surface and its convective, radiative or convective-radiative environment in a large variety of thermal equipment. Fins are extensively used in various industrial applications such as air conditioning, refrigeration, automobile, and chemical processing equipment. Krause et al. [1] presented a monograph regarding the applications and thermal analyses of fins. They have documented and demonstrated that considering constant thermophysical properties allows scientist to find exact analytical solution for number of cases. It is well-known that existence of large temperature difference within a fin necessitates variable thermal conductivity with temperature. This fact consequently includes one non-linearity within the energy equation of the studied system. From the available published work, about heat transfer in extended surfaces, the following works are of immediate relevance to the present paper. Different configurations of straight fins have been analyzed by Sharqawy and Zubair [2] . They focused on temperature and efficiency within the studied fins and considered both heat and mass transfer mechanisms. The well-known differential transformation method (DTM) was applied to steady-state energy equation within analysis of step fins is a new application for DTM and VIM which were used for other engineering applications [20] [21] [22] [23] . The results to be presented will highlight the effects of the thickness ratio, a, dimensionless fin semi thickness, d, length ratio, l, thermal conductivity parameter, b, and Biot number, Bi, on the temperature distribution.
Description of the problem
A rectangular step fin of unreduced thickness 2t and length L is shown in fig. 1 . Both surfaces of the fin are convecting to its surroundings. The fin has temperature dependent thermal conductivity k. The base temperature T b of the fin is constant, and the fin tip is insulated. Since the fin is assumed to be thin, the temperature distribution within the fin does not depend on vertical direction.
The energy balance equation for a differential element of the fin is given as:
where k(T) and h are thermal conductivity and heat transfer coefficients, respectively. The thermal conductivity of the fin material is assumed to be a linear function of temperature according to:
where k 0 is the thermal conductivity at the base temperature, and k is the slope of the thermal conductivity-temperature curve. Invoking the continuity of temperature and heat current at the junction, boundary conditions of the governing equations can be expressed as:
Introducing the following dimensionless parameters:
The formulation of the fin problem reduces to the following equation:
with the following boundary conditions:
Fundamental of differential transformation method [24]
Let x(t) be analytic in a domain D and let t = t i represent any point in D. The function x(t) is then represented by one power series whose center is located at t i . The Taylor series expansion function of x(t) is in form of:
The particular case of eq. (7) when t i = 0 is referred to as the Maclaurin series of x(t) and is expressed as:
As explained in [25] the differential transformation of the function is defined as:
where x(t) is the original function and X(k) -the transformed function. The differential spectrum of X(k) is confined within the interval tÎ [0, H] , where H is a constant. The differential inverse transform of X(k) is defined as:
It is clear that the concept of differential transformation is based upon the Taylor series expansion. The values of function X(k) at values of argument k are referred to as discrete, i. e. X(0) is known as the zero discrete, X(1) as the first discrete, etc. The more discretes available, the more precise it is possible to restore 
Original function
Transformed function
the unknown function. The function x(t) consists of T-function X(k), and its value is given by the sum of the T-function with (t/H) k as its coefficient. In real applications, at the right choice of the constant H, the larger values of argument k, the discrete of spectrum reduce rapidly. The function x(t) is expressed by a finite series and eq. (10) can be written as:
Mathematical operations performed by differential transform method are listed in tab. 1.
Solution with DTM
Now we apply the DTM into eq. (5a). Taking the differential transform of eq. (5a) with respect to x, and considering H = 1 according to tab. 1, gives:
From boundary condition in eq. (6a), that we have it at point x = 0, and exerting transformation:
Q(1) = 0 (13) The other boundary conditions are considered as:
Accordingly, from a process of inverse differential transformation, in this problem we calculated Q(k + 2) from eq. (12) as:
1 720 1 2 1 14 1
1 2 1 76 448
1 330 7152
This process may be continued further. Substituting eq. (15) into the main equation based on DTM, the closed form of the solutions is obtained as: 
Also, we apply the DTM into eq. (5b). Taking the differential transform of eq. (5b) with respect to t, and considering H = 1 according to tab. 1, gives:
Letting f(0) = C 2 and (df/dt)| t = 0 = C 3 and exerting transformation
Using the same procedure as introduced in eq. (15), the closed form of the solutions is: 
Integration constant C 1 represents the temperature at the fin tip. Here C 2 , and C 3 are temperature and temperature gradient at the cross-section where the step change in thickness occurs, respectively. The constants can be evaluated from the boundary conditions given in eqs. (6b-6d). We employed the Maple's built-in the fsolve command which numerically approximates the roots of an algebraic function using the specified method, such as Newton-Raphson. This command uses the Newton-Raphson method by default.
As an example, let us assume a = 0.5, l = 0.5, d = 0.05, b = -0.4, and Bi = 0.01. Therefore, the values of C 1 , C 2 , and C 3 , applying n = 10 which will be used in this paper, will be obtained as:
Substituting these obtained C 1 , C 2 , and C 3 parameters in eqs. (18), the temperature profile of fin for this special case will be: 
The calculations reported in this paper use n = 10 which was found to be sufficient to give an accurate solution. An implication of this is that eq. (5) only requires the summation of a limited number of terms, and therefore the solution can be computed without excessive computational effort. 
Fundamental of variational iteration method [26]
To illustrate the basic concept of the technique, we consider the following general differential equation:
where L is a linear operator, N a non-linear operator, and g(x) is the forcing term. According to the VIM, we can construct a correct functional as follows:
where l is a Lagrange multiplier, which can be identified optimally via the variational iteration method. The subscripts n denote the n th approximation,ũ n is considered as a restricted variation, that is, dũ n = 0; eq. (23) is called a correct functional. The solution of the linear problems can be solved in a single iteration step due to the exact identification of the Lagrange multiplier. In this method, it is required first to optimally determine the Lagrange multiplier l. The successive approximation u n+1 , n ³ 0 of the solution u will be readily obtained upon using the determined Lagrange multiplier and any selective function u 0 , consequently, the solution is given by:
Solution with VIM
In order to solve eq. (5a) using the VIM, we construct a correction functional: Yq n t d
Taking variation with respect to the independent variable q n , noticing that dq n = 0:
for all variations dq n and dq¢ n , its stationary conditions can be obtained:
The Lagrangian multiplier can therefore be identified as: l= t -x (28) As a result, we obtain the iteration formula:
Let (dq/dx)| x=0 =0 from eq. (6a), together with q(0) = C 1 , an arbitrary initial approximation that satisfies the initial conditions is obtained as:
Using the variational formula, eq. (29), we have: 
Accordingly, in the same manner the rest of the components of the iteration formula can be obtained.
Letting f(0) = C 2 and (df/dt)| t=0 = C 3 and applying the same procedure to eq. (5b), it can be written as:
Here, in the wake of the large term of second and third iterations for the solution, the result of the first iterations is shown; however the obtained results are calculated using three iterations. The constants C 1 , C 2 , and C 3 can be evaluated from the boundary conditions given in eqs. (6b-6d) using the Newton-Raphson method.
Results and discussion
Two analytical solutions named as the differential transformation and variational iteration methods were applied to eq. (5). Figure 2 indicates that the differences among the DTM, VIM, and the numerical solution (NS) for mentioned equation. For this boundary value problem a finite difference technique with Richardson extrapolation used, which was characterized with the maximum number of 128 points and an absolute error of 1·10 -6 . In this figure, we assume that the fin is without step in thickness i. e. a = 1. Although the VIM results are acceptable, but it is shown that with the DTM, a highly accurate analytical solution of the problem is achievable. Accordingly, in order to investigate the accuracy of the DTM solution with a finite number of terms, the corresponding results are compared with the HPM [19] , VIM, and numerical solution by using MAPLE which uses a finite difference method with Richardson extrapolation in tabs. 2 and 3. These tables represent tip temperature and junction temperature, respectively. The results of the comparison clearly show that the maximum difference between HPM and numerical results for tip temperature for the strongest non-linearity condition, i. e., Bi = 0.1 and b = -0.5, is 0.25%. However, this value for the DTM solution is 0.04%. It should be noted that, for all numerical results reported here, the following values of variables were used unless otherwise indicated by the graphs or tables. a = 0.5, l= 0. Figure 3 shows the effect of the thickness ratio i. e. parameter a on the temperature distribution in the step fin. The bottom curve corresponds to a = 0.2 and the top curve corresponds to a = 0.8. As the parameter a increases, the temperature distribution within the thin section of the fin increases, and the temperature distribution within the thick section of the fin decreases but as expected it is not significant. The effect of length ratio parameter, i. e., l, on the temperature distribution within the fin has been plotted in fig. 4 . It is clear from this figure that as l increases, i. e., as the thin section of the fin increases, the temperature distribution within the thin section of the fin decreases.
For the case of different values for dimensionless fin semi thickness, results of the present analysis are depicted in fig. 5 . As d decreases, the cooling becomes more effective, promoting lower temperatures in the fin. This interesting behavior occurs for both thin and thick sections of the step fin. Physically speaking, the thinner the cross-section of the fin, the easier the heat can transfer from the fin material to the environment, and consequently the lower is the fin temperature. In fig. 6 we have plotted the effect of the thermal conductivity parameter on the temperature distribution within the fin. Results in the figure reveal that as the value of b increases the temperature distribution within both sections increases. Figure 7 illustrates the effect of Biot number, i. e., Bi, on the temperature distribution within the fin. Increasing the Biot number makes the convective cooling more effective. Therefore, as the Biot number increases, the cooling effects become more profound, which in turn causes the lowering of temperatures within both sections of the fin.
Conclusions
The performance analysis of convective step fin with temperature-dependent thermal conductivity is considered. The energy equation within each part, namely thin and thick parts, was considered separately. The two main nonlinear energy equations together with the joint boundary condition in the junction and other boundary conditions on base and tip of the fin build a system of ordinary differential equation. Differential transformation method (DTM) and variational iteration method (VIM) were used to analytically solve the non-linear system of equations. As the convection effect, i. e., Biot number, increases, this effect is to lower the fin temperature. Unlikely, as the thermal conductivity of the fin increases, i. e., the parameter b increases, it promotes slower cooling accompanied by higher local fin temperatures. As an important result, it was found that the DTM solution can achieve extremely accurate results when compared with the VIM. This paper proves that the DTM is a powerful analytical technique to handle non-linear energy equations in step fins.
Nomenclature

Bi
-Biot number based on fin length C 1 -constant which represents the -temperature at the fin tip C 2 -constant which represents the junction -temperature C 3 -constant which represent the junction -temperature gradient for the thick section 
